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A MOCRDVRB FVM CALCUIATING THI DOODiARY-LAY7P'
SUMLP-'' r 1K ME R!% IN OF TRkWSITION

FRO* LAMINAR TO TMUL"T FLOW

Prepared by:

Jerome Persh

ABSTRACT: A method for calculating the development, of thep
boundary layer in the region of transition fres lamina'r to
t-irbulent flow La given. This method is based on eupt-ric&l
correlations of a large amount of experimental velocity pro-
file data in. the transition region for incompressible and
compressible flows with and without pressuro gradieuts. The
velocity profile correlations and an assummid skin-friction
law are used ina conjunction with the bounetary-layer mnomentum
equation to predict the development of the boundary-layer
paameters. Within the framework of tho assumpti6oas the
metiaod in valid for inccapremsible and capressible, flowe
with and without premaure gradients and beat transfer.
'3everal example* are given which Illustrate the boundary-
layer profile history In the transition zvgion of general
body shapes.
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..o, it calcuation scheme to bridge the gap between
laminar Q * turbulent flow. Since the procadzve outlined
herein ie i.rincipally intended ZGr arbitrary body shapes,
its usefi. Iness will be most apparent for missile applica-
tions. ' e results obtained are of practical importance
,he tign of current and forthcoming high-speed missiles.
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SYMBOLS

Cf - local skin-friction qyefficient based on free-
stream properties, 2 . ..a/p&%2

Cfw - local skin-friction coefficient based on wall
properties, 2a4w/Pueu2

Cp - specific beat at constant pressurs

h - local heat-transfer coefficient

H - boundary-layer shape parameter, 6*/S

Bloc ,boundary-layer shape paramter for incompressible
flow 6*inc/Oinc

k a thermal conductivity

Nu - Nusselt number, ha/k

m a exponent in power law velocity profile representation

p M pressure

Po' - stagnation pressure

Pr - Prandtl number

q - rate of heat transfer per unit area

R - radius of axisyamtric body

AeO  - Reynolds nuber band on momentu thickness, queO/p e

Rae - Reynolds number based on distance and wall proporties,
PWUO/;iw

s - distance along surface from stagnation point

T - temperature

To, - strignation temperature

u - mean velocity component in s-direction

6 - total boundary-layer thicknesa

6*inc - displacement thickness for fclu-reus'16 f t.

V
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OSCCS(14 dy

8* - displacement thickness for cospressible flow 1
/0

*±ncdisplaomet thickness for compressible flow

6*nc t 9u. ) dy
0 

P

0 - nomentum thickness for compressible flow

*- -Z- (1- L) dy

P/,0% 

." "

c. - angle between normal to surface of a given body and
flow direction

S - ratio of specific beats

p - density

IL - viscosity

- exponent in viscosity temperature relationship

Subscripts:

ad - equilibrium ail temperature for zero heat transfer

• - values basebd on local tree-stream conditions outside
boundary layer

inc - incompressible flow

Las - laminar flow

vii
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mva - Max imum value

TI - transition region

Turb - twebuleut flow

w - values based on wall conditions

G - values bared on condition ahead of normal shook

wave
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A POChIDUIRS Fl CALCUITII TOE BOMDART-LATIR
DEVELOPIUNT IN TI NGIO.W OF TRANSITION

FROM LAMINAR TO TURBU FLOW

INTROMJCTIOK

1. Probably the weakest link lu th. calculations of wall
t..peratur's and heat transfer to arbitrary body shapes is
*he location of the transition "point". Numerous theoretical
i -estigations (for example references a, b, and c) of laminar
boundary-layer stability and experimental investigations (refer-
ences d, e, aud f as examples) have been conducted in an effort
to predict the location of transition for arbitrary bodies and
free-stream conditions. Despite these extensive investigatlons,
a quantitative means for determining the transition location
is still not available. Although it is shown In the thorough
investigation of experimental transition data conducted by
Probstein and Lin (reference g) that the qualitative trends
predicted by stability calculations are more or less verified
by experiments, little can be concluded as far as quantitative
informat. on is concerned.

2. Another serious deficiency in the current calculation
schemes is the neglect of the transition region. The usual
procedure is to terminate the laminar boundary-layer calcu-
lations at an assumed transition point and from this point
on downstream, it is asunaed that fully turbulent flow exists.
While this procedure yields a conservative result from a heat
trnnfer standpoint, it is conceivable that configurations
that are actually acceptable may be rejected because of exces-
sive consetvatism due to this technique. Since the behavior
of the boundary layer on a given body shape depends on a com-
plicated combination of such parameters as the geometry, pres-
sure gradient, heat transfer, etc., caufs ma) arise where the
surface is almost entirely covered by tznsition region flow.
On the other hand, it is reasonable to suppose that body shapes
may be devised that encourage the existence of transition re-
gion flow. Consequently, since the heat transfer due to a
transitional boundary layer can be substantially less than
that for a fully turbulent boundary layer, this procedure may

provide a mesna for alleviating serious heat transfer situa-
tions.

3. The present investigation was therefore inaurratod to
determine whether or not a method for calculating the boundary-
layer development in the transition region could be devised
with the experimental and analytical information at hand. It
was found that, when the boundary-layer momentum equntion is
used in conjunction with empirical correlations of a large

1
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/ 1-
mount of velo /j L p profile dat, (rofer.nce h), xe#.o,.. .

ProO.(xtiolt of I .boundotry-layer bo.vir in t;20 ,-OLn AVIM
r: .'Aon could bev!'e", made. Thin is shown by cparfir 6. a
the realts ei// aLined using the proponed k-athod ,art-
men.a1 data ,/''tained on smooth rn-rfacem wilxT hout
pressure gr.'i ,tfients and heat tranufer.

Whi'" - thin sot.eh for prsdicting tt, ',iry-1ayer
'-velo fl.' , .; , in the trannif ion region o *..e roe&arded
v.rox" J ,'ate at the promont time bmc -,r ,. the pailtv

*-' .d f4Aperiment.il data, it dcv ,' ne1amt prOVt .
4 ,ilaulationa and a nxa iuht z-, Lho mxp~rv A%1k

,.. Aare required for wdif Los' :4 and re.,. ,

% "" ary--U... ,utu tim

5. Ban. t- tropoeod %tMtod Jar caloulating Isao
boundary i ..,eAsv;ior in the transition regiom CoVOnItm
of a olution of the bo~udary-layer U utm eqma-

of I t ('' 6), u
do 2 0 ticf d-Rd

• in the traknsition relics,

6. over a revin osnfe the needed values of the strew

properties us and p. Jjimt outside the boundary layer are ob-
tained from either exprimental pressu'e distribution data
or from a calculation scheme which is Iiven in Appendix A.

7. As is usually done, the initial laminar flow Is allou-
laNed uoting an arpropoiate analytical tmthod (Appeadix A) u
to the pmint where It is assumed thnt transition starts. At
this point on the muiLfac*, the values of the boundary-layer
propertiem such as the akin-frictio coefficient (of), boundary-

a yer ahape paranter (6 /#)r2  Rd the mmentlm thickness (0a)
are known. This is sufficient infolmation to start the transi-
tion region calculations, The following sections discuss the
procedures to Ie used for calculating the needed skin-f ritIcin
coefficients and the needed values of 6$/6 In the transition
region.

2



NAVORD Report; 4438

~ *~Ction Coef ficipilAa

I. It 4- ;,ace (j) fro, a ltrge collettion of
. -.. •...-woesible flow that the skin-friction

'avsitoa region varies with 3ejuiods
A" Mdrdift to A lew of the form:

" - constant (2)ft .cfm'b ReD2

In the absence of xperlmetel data to confirm or reject this
form of the transition region *kin-friction law for compressible
flown, it Will be assumed that the form of Equation (2) is ap-
plicable for all cameo which are considered herein. It isinteresting to point out bore, that when Rle& becomes very large

cftr =8 Of Turb (3)

and the results obtaimed will therefore fair smoothly into
the turbulont son& of a given body shape.

9. The value of tbe constant in Equation (2) is g.incivmlly
a funation ot the asumed value of 040 at the star' .f tranil-
%ion, however, it does depend smwhat on the ircumestances of
the particular calculation, This constant is determined in the
following manor. At the &amed point where transition starts

OfLsm - oft r  (4)

ror the calculated laminar value of No, a value of of I i
determined uni either the equations and procedure deoafhd
in reference (k) ow smother tbeory which adequately predicts
turbulent boundary-la~or alkAn-friotion coefficients, This
information Is sufficient to determine the value oi the con-
stant for a liven calculation. It should be pointes out here
that mince the values of ofta. and c'Turb are somewhat dependent
on heat transfer and pressure gadient, the value of the con-
stant will depend on these quantities. The inflance of thbse
effects is, is general, fairly mall, and as menticaud before
the value of the constant depends mainly on the value of rn
at the start of trasition. An Illustration of several typical
transition region skin-friction curve* Is given In figure 1,
which shows the variation of cf with See for inCompressibla
flat plate flow. for this particular case, Figure 2 shown
the variation of the constant in Equation (2) with assumed value

3
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of Reg at the start of transition.

Boundary-Layer Shape Mraaeter

10. it can he seen from Equation (1) that in addition to
values of cf It is necessary to have a means for determin-
Ing the valuotf the boundary-layer shape parameter in the
transition region. It was shown in reference (h) that tran-
sitior region bo6ndary-layer velocity profiles from a single
parameter family of curves when correlated with the incompres-
sible definition of 60/0 (Hine).

11. Using these experimental data, the bsfavior of (6 /8)- .
through the transition region wasr plotted as a function of
A Reg where

&Rog" (Ree)g- (Rog)start oX transition (8)

The data are lotted in Figure 3 on a logarithmic rcale and
a faired curvi is shown in Figure 4 on a Cartesian coordinate
scale. In view of the inaccuraoies inherent in the determina-
tion of (6*/O)inc, the correlation shown in Figure 3 is re-
markable. These reults indicate that over a wide range of
flow conditions, the transition region covers a length of body
sv.,rface corresponding to an increase in Reg of about 1000.
The fairly large scatter in the values of (6*/G)inc at the
end of -'-nstion is due to the fact that (60/0)nc for turbu-
lent flow in a function of aeo itself, and since these data
represent a wide variety of values uf R#8 at the start of
transltluu It is to be expected that (64/6)inc at the end of
transition will vary somewhat. It should be pointed out that
the calculation scheme given herein accounts for the Reynolds
number influence on (6*/d1)inc at the start of turbulent flow,
This is because the methd for determining turbulent boundary
skin-friction moefficients given in reference (k) takes into
account the variation of ( 0*/0)inc on the values of CfTurb ,

Calculation Procedure

12. The procedure for calculating the boundary-layer develop-
ment in the transition region for incompr'ssible isothermal
flow is straightforward. At a assumed transition point, the
values of 0, cfLam, and (*6/) are available from the laminar
boundary-layer calculations. h is information together with
the velocity distribution and kaown geometry is Inserted into

4
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Equation (1) and a value of 6 may be calculated at some
small arbitrary increment of distance s. From the known
conditions outside the boundary layer, the value of Re*
at this now position can then be calculated and the value
of A Rea determined. This value of A Reg is used with either
Figure 3 or 4 to determine the value of (6*/6)inc. Knowledge
of Reg at this new point also yields Cftr from Equation (2).
The procedure is then repeated in a stepwise manner along
the body surface until the end of the body is reached. As
sntioned before, the transitiou region results obtained
fair smoothly into the turbulent zone and therefore, this
procedure is applicable for the entire body surface downstream
of the laminar flow region.

13. For compressible flows with and without heat transfer
the procedure must be modified somewhat because Equation (1)
requires the use of (6*/0)c rather than (O*/)inc. To de-
ter,,ine values of (6*/G)c the velocity profile correlation
curve given in reference (h) is used in conjunction with
Fiv ore 3 or 4. For convenience the velocity profile correla-
tion curve Is given herein as faired curves for clarity pur-
prsns (Figure 5). The reaftr As referred to Figure 13 of
roference (h) which shows the experimental data from which
this set of faired curves was prepared.

14. Values of (6*/6)c for use in Equation (1) are obtained
In the following manner. Using the curves shown in either
1igure 3 or 4 the value of (6/0) inc is determined at each
luccessive point. This value of (6/O)±nc is used with Fig-
itre 5 to determine the variation of u/u. with y/6 inc. Since
1:he value of (6*/G)c is defined as

Y/Oina

f/e inc

o T (1 - "

this integration may only be carried out if the temperature
distribution across the boundary layer is known, The follow-
ing- sis-ple expression for the temperature distribution is
unwd (?eference k);

5
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T Tv, 'w-Tad / !!_ Tad-Teo 2 (72

Val of Tad are obtained from

Tad 2 Me8
-, 1 t r 2 a,

where a mean value of the recovery factor (r) (say r - 0.87),
is sufficiently accurate for the present calculations.

15. With the exception of the determination of the valukes of
(6*/O)c for the compressible flow came, the procedure for calcu-
lating the boundary-layer behavior ir the transition region i
the same for both incompressible and compressible flows with
and without heat transfer.

16. At this point, it is important to point out the basic
assumptions inherent in the procedure described and also how
these may affect the validity of the results obtained. Since
the system of equations used for calculating the valois of
Cftr and CfTurb were obtained for the zero pressure gradient
case, it is Implied that the influence of pressure gradient
on cf is negligible. This is a necessary assumption because
experimental information and dependable analytical relations
which describe the influence of proccuro gradient on the skin
friction in the transition region are not yet available. Af-l
other consideration is the use of the empirical correlations
of the experimental data of reference (h), Figure 5. Although
these data represent both incompressible and compressible flows
with and without pressure gradients, none of the data examined
were obtained under heat-transfer conditions. Despite this
fact, it is felt that these correlations can be used for beat-
transfer cases because the velocity profile Is little affected
by heat transfer either to or from the surface (reference k).
The influence of heat transfer is taken Into account, however,
in the determination of (60/8)q through the temperature pro-
file across the boundary layer.

IBULTS AND DISCUSSION

Zero Pressure Gradient Results

17. The analysis described has been applied to the incom-
pressible flat plate data of reference (1) and also to the

6
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compreFsml. flnw data of reference (m). The results of
these calculations are shown In Figures 6 to 9. Figures 6
and 8 show comparisons between the predicted snd experi-
mental values of (64/f)inc for each of these cases. Calcu-
lations of the lainar boundary layer region of the, sur-
faces were not carried out. As 'would be expected the agree-
sent L.tween the predicted and experimantal values of Reg and
(6/O)inc are good for both cs'es. Although this is more or
less an anticipated result since the empirical correlations
were obtained by using these experimental data, it should be
pointed out that the validity of the asstumd skin-friction
law in the transition region is verified because this wa
not obtained from these data.

Pressure Gradient Results

18. Since it in anticipAted that the method for calculating
the boundary-layer behavior in the transition region presented
herein will have its greatest usage for bodies of revolution
with favorable pressure gradient and heat transfer, these
illustrations given in this section will deal principally with
this combination of circuastances. It should be realized that
this ts the general case, however, and deviations from this
set of conditions such as two-dimonsional flow or flows with-
out heat transfer are special cases, and the procedure describe
is sufficiently general to encompass many conceivable condition
Where modifications to the procedure are needed to cover any
special net of conditions as mntioned above, these will be
mentioned and the necessary changes indicated.

19. In the absence of detailed experimental data which can
bo u*d for comparison purposes, illistrations can only be
given for several examples which do not represent true veri-
fications of the procedure.

20. As pointed out in ruference (f), transition observations
in the NOL Pressurized Range are made by inspecting shadow-
graph photographs. The transition "point" is identified by
the first appearance of turbulence near the body surface.
As pointed out in reference (f) this point Is assumed to be
the end of transition or the atart of fully turbulent flow,
Since the point on the body where transition starts is pre-
sently of great importance, a modification of the procedure
outlined herein has been used to calculate the point on the
body surface where transition starts. This procedure consists
of assuming a point on a given body upetrea of the observed
turbulence, and Initiating the transition rsgion calculations
at this point. The calculations are carried out until the
value of A Ree = 1000. If this point on the body at which
this occurs corresponds to the observed turbulence point, the

7
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assuied position where the transition region calculations
are started is correct. If not, the calculations are then
repeated until agreement between the calculated end of
transition and that observed in the photographs is reached.
This procedure is illurrated in Figure 10. In this figure
the #Aiittion of Ree with distance along the surface is shown
for one of the Pressurized Range "shot3" reported in reference
(f). Figures 11 and 12 show the results obtained fro two
additioaal firings made, in the NOL Pressurized Range.

Transition Results

21. As pointed out previously the results reported in refer-
ence (f) tre for the end of transition. It is of interest to
examine the correlation of transition data presented in this
reference on the basis of values of Roe at the start of tran-
sition. This is shown in Figure 13, where the variation of
Reg at the start of transition is plotted as a function of
the incompressible pressure gradient paraiactea- q2/40 due/de.
It is apparent that the trends indicated by the values of Reg
at the end of transition are different than those for the
start of transition and the values of Reg at the start of
transition are a good deal lower than those reported for the
end of transition.

CONCLUDING RBUARKS

22. A method for calculating the development of ;he boundary
layer in the region of transition from laminar to turbulent
flow has been presented. This method is based on empirical
correlation of a large amount of velocity profile data in the
trantition rogion for incompressible and compressible flows
with and without pressure gradients. The velocity profile
correlations are used in conjunction with the boundary-layer
momentum equation to rdict the development of the boundary-
layer parameters. A number of examples are presented which
illustrate the results obtained using the present method and
also test its validity for thio cases for which experimental
data are available. In addition, a method is suggested for
calculating the position of the start of transition on a given
body surface when the end of transition is experimentally
identified by photographic techniques. Several calculations
illustrating this procedure are presented.

23. The proposed method can only be regarded as approximate
at the present time because of the paucity of detailed experi-
mental data for verification purposes. It does, howevr, pro-
vide a basin for calculations and an insight as to the experi-
mental data which are required for modifications and refinements.

8
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APPWIDIX A

Calctalg4tion of Pressure Distribution and
lminar BounEary-Layer Region

1. For the examples presented herein, the pressure distri-
bution about a given body shape was obtained from either
experimental data or calculated data using the modified
Newtonian flow concept (reference n). This concept neglects
the presence of the shock wave In trout of a given blunt
body, and the pressure on the surface is c=zculated from

- - M . -C09 2  
WA)CTp max PO -Pco

up to a point along the contour where the slope of the pes-
sure versus distance along the surface curve Is the same as
that obtained from a two-dimensional Prandtl-Veyer expansion
about the surface.

I~ dpe

doINewtonian " d Prandt 1-Meyer (2

2. This point along the surface mey be predetermined by
solving the following equation; t'1

Sin2~.u L' O ) 'O - jj. - o" +
L% POo A r jj P*]

(A3)

From the point along the surface where Squ-tion (A3) is satisfied
on downstream to the end of the body, the pressures are determined
using tbe aforementioned Prandtl-Usyer flow relations. Knowing
the pr*ss=re distribution around the body, the local flow con-
ditions at any point can be calculated using an isentropic ex-
pansion from the stagnation point.
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3. For tho laminar flow region on the euamplen presented
herein, the compresible laminar boundary-layer analysis for
axinymactric flow given in refZrOnce (o), was used, The
relevant oquatio.! for calculating Ree (and hence 0) in:

-K i/L K

n To Ito e R2  a (A4)

To

which has bean rearranged for the present analysis to the
folloting form:

R0e6 a A 4 . I do (AB)

whore I'K 13-1
Me H2  (A6)

and A - constant - 044

2( f(-1)

The value of B is dependent on the wall temperature and is
determined from Figue 4 of reference (o). ilnce all of tb*
flow properties outside the boundary layer are known from
prevlous calculationa, the deterainatiun of the value of Reg
at the start of transition mans that the value of * at thiS
point can be deduced, To determine the value of cf at this
point, the following procedure is required. The value of f
Is deterutned using

mat RO' i. P '1 4 21 r (A7)
fl[-djt*rs-nej;ujuin

where

12
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F - 0.44 do

and the value of w calculated from

aw wx . !
TO$

4. When both a nd aw se calculated Fignres I and 2 4
reference (o), my be ued to obtain quantitle A and

e ' f" " A sD V ~ ,,,

Since

" the value of *f and tbereby ofa can be calculated by u

fe- .,, [ T O
If the beat transfer In desmlre, thia can be obtained 1:
following anner; calaulate tho falue of Nuw uolag

which lu tun yields the heat-transfer coefficiet, h,
thereby q can be calculated from

q -v LT K (T~d-TU]

l.
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Is
F M0.44 A da (AS)

and the valum of sq calculated fran

4. When both a sad sw are calculated Fligrem I ad 2 of
reference (o), my be used to obtain quantities A and

since

agw -I&M (Al)

the value of ofp and tberby ofe can be calculated by wIng

Ofs cfl [Le J (*10)

If the beat transfer Is desired, this can be obtainad in the
following maner; calculats tb vale of Nay uslIA

r""- (All)

which hu turn yields the beat-transfer Coefficient, h, h md
thereby q can be calculated from

- . .. I k i [Tad-T-] (A -

V"q
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The list needed quantity (8./O)c can be obtained

[ m] Hin [ To. (A3J

where Hinc is given as Figure 6 of reference (o) as a func-
tiar of n and Ow.

5. The parameters necomary to start the transition region
Calculat-on are therefore obtainable using this procedure
for calculating the laminar boundary-layer behavior.

14
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